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Abstract 

A notion of the radial index of an isolated singular point of a 1-form 
on a singular (real or complex) variety is discussed. For the differential 
of a function it is related to the Euler characteristic of the Milnor fibre of 
the function. A connection between the radial index and the local Euler 
obstruction of a 1-form is described. This gives an expression for the 
local Euler obstruction of the differential of a function in terms of Euler 
characteristics of some Milnor fibres. 

Introduction 

An isolated singular point (zero) of a vector field or of a 1-form on a smooth 
manifold (real or complex) has a natural integer invariant - the index. There 
are several generalizations of this notion: an index of a vector field on an 
isolated singularity ^ |5] , an index of a vector field [HI or of a 1-form jS] 
on an isolated complete intersection singularity, .... 

Let (X, 0) C (R , 0) be the germ of a purely n-dimensional analytic variety 
and let X = |J Vi be a Whitney stratification of it. Let v be a continuous 
vector field on a neighbourhood of the origin in R^ tangent to X. The last 
fact means that the vector field v is tangent to each stratum Vi of the Whitney 
stratification of (X, 0). Suppose that v(x) ^ for all points x from a punctured 
neighbourhood of the origin in X. In there was defined a notion of an index 
of the vector field v on X at the origin which we shall call the radial index. 
(For a germ (X, 0) with an isolated singular point at the origin this notion 
was defined and discussed in PJEj-) 

The condition for a vector field to be tangent to a germ of a singular variety 
is a very restrictive one. For example, holomorphic vector fields with isolated 
zeroes exist on a complex analytic variety with an isolated singularity 0, but 
not in general. 
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Example. Consider the surface A in C 3 given by the equation 

xy(x — y)(x + zy) = 0. 

It has singularities on the line {x = y = 0}. It is a family of four lines in 
the (x, y)-plane with different cross ratios. Then any holomorphic vector field 
tangent to A vanishes on the line {x = y = 0}, because the translation along 
such a vector field has to preserve the cross ratio of the lines. 

However, 1-forms with isolated singular points always exist. Therefore 
(and because of some other advantages: see the discussion in 0) we prefer to 
consider 1-forms instead of vector fields. 

Suppose that w is a continuous 1-form defined in a neighbourhood of the 
origin in M. N . A singular point of the 1-form oj on X is a singular point of 
its restriction to a stratum of the Whitney stratification of X. (One should 
consider all points of a zero-dimensional manifold as singular ones.) Suppose 
that the 1-form oj has an isolated singular point on X at the origin. In this 
situation we define the notion of the radial index of the 1-form oj on (X, 0) (or 
rather adapt one for vector fields from 0). We also define a similar concept 
for complex 1-forms on a germ of a complex analytic subvariety of (C , 0) . 

For a germ / of an analytic function on the germ (X, 0) of an analytic 
variety, there exists the notion of the Milnor fibration and of the Milnor fibre 
(or of the Milnor fibres in the real setting: the positive and the negative ones): 
see, e.g., |121 I16j . If the function / has an isolated critical point on X at 
the origin (i.e. if its differential df has an isolated singular point there) we 
describe a connection between the radial index of the differential df and the 
Euler characteristic of the Milnor fibre of the germ /. In the described situation 
there is also an appropriately adapted notion of the local Euler obstruction 
of a 1-form on the germ of a complex analytic variety ijj. We describe a 
connection between the radial index and the local Euler obstruction. This 
gives an expression for the local Euler obstruction of (the differential of) a 
function in terms of Euler characteristics of some Milnor fibres. 

After the paper was put to the Math. ArXiv, J. Schurmann informed 
us that our definition of the radial index can be interpreted as a microlocal 
intersection number defined in With this definition part of the statements 
of this paper (essentially for oj = df where / is an analytic function) can be 
deduced from general statements of (see also ^HE])- 

1 The radial index of a 1-form 

First let (^,0) C (R^O) be the germ of a real analytic variety and let oj be 
a (continuous) 1-form on a neighbourhood of the origin in M. N . 

Definition: The 1-form oj is radial on (X, 0) if, for an arbitrary nontrivial 
analytic arc od : (R, 0) — > (A, 0) on (A, 0), the value of the 1-form oj on the 
tangent vector ub(t) is positive for positive t (small enough). 
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Radial 1-forms exist: e.g. the differential d(f> for the germ of an analytic 
function <f> : (]R n ,0) — > (M, 0) with a strict local minimum at the origin (one 
can take (f> = r 2 where r is the distance from the origin in f Ar ). 

Let X = Ui=o ^* De a Whitney stratification of the germ (X, 0), Vb = {0}. 
Let to be an (arbitrary continuous) 1-form on a neighbourhood of the origin in 
M. N with an isolated singular point on (X, 0) at the origin. Let e > be small 
enough so that in the closed ball B £ of radius e centred at the origin in M N 
the 1-form uj has no singular points onI\ {0}. It is easy to see that there 
exists a 1-form uj on R N such that: 

1) The 1-form uj coincides with the 1-form w on a neighbourhood of the 
sphere S £ = dB £ . 

2) The 1-form uj is radial on (X, 0) at the origin. 

3) In a neighbourhood of each singular point xq G (X n B £ ) \ {0}, xo € V$, 
dim Vi = fc, the 1-form 5 looks as follows. There exists a (local) analytic 
diffeomorphism h : (R^M^.O) -> (R N ,Vi,x ) such that h*£ = vr^i + 
^2^2, where 7Ti and 7T2 are the natural projections tt\ : M. N — > R fc and 
7T2 : 1^ — > R^~ fc respectively, u5i is the germ of a 1-form on (R fc ,0) 
with an isolated singular point at the origin, and u>2 is a radial 1-form 
on (R N ~ k ,0). 

Remark. One can demand that the 1-form uj\ has a non-degenerate singular 
point (and therefore indocDi = ±1), however, this is not necessary for the 
definition. 

Definition: The radial index ukLx,o w of the 1-form uj on the variety X at the 
origin is the sum 

q 

where the sum is taken over all singular points of the 1-form uj on (X\{0})nB £ . 

Remarks. 1. One can write the definition as 

q 

«=0 QeSingwriVi 

(i.e. over all singular points of the 1-form ioiilfl B £ ) if one assumes that 
the index of a 1-form on a point (a zero-dimensional manifold) is equal to 1. 

2. Since no other indices will be considered in this paper, we shall usually 
omit the word radial. 

To prove that this notion is well defined, we shall show that not only the 
total sum 

q _ 

ind Q% 

i=0 QeSing^nVj 
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for all the strata is well defined but also the sum 



QeSingwnVi 



for each single stratum. 

To prove this for a stratum Vi we suppose that two 1-forms uj and uj' have 
singular points of the described type. One can change each of these forms 
in a neighbourhood of Vi \ Vi by such a continuous deformation that in the 
course of it no new singular points arise and the value of the new forms on 
a fixed outward looking normal vector field on the boundary of a tubular 
neighbourhood of Vi \ Vi is positive. This can be achieved locally by adding 
a 1-form radial in the normal direction to a stratum (say, the differential of 
the squared distance from the stratum defined in local coordinates). After 
that, the new 1-forms uj and uj', as non- vanishing sections of the cotangent 
bundle, are homotopic to each other in a neighbourhood of the boundary of 
the stratum Vi H B e . This implies that the sums of the indices of the singular 
points of the 1-forms uj and uj' inside Vi n B £ coincide. 

Just because of the definition, the (radial) index satisfies the law of con- 
servation of number, i.e., if a 1-form uj' with isolated singular points on X is 
close to the 1-form oj, then 



where the sum on the right hand side is over all singular points Q of the 1-form 
uj' on X in a neighbourhood of the origin. This implies the following statement. 
Let X be a compact analytic subset of R. N with a Whitney stratification. Let 
uj and uj' be 1-forms on R N with isolated singular points on X. 

Proposition 1 One has 



where the sums are taken over all singular points of the 1-forms uj and uj' 
respectively. 

Proof. This follows from the law of conservation of number applied to a family 
of 1-forms (with isolated singularities) connecting the 1-forms uj and uj' . □ 

In fact one has a more precise statement: 
Theorem 1 (Poincare-Hopf) One has 




QGSingw 




Q 



Q' 



J2md x ,QUJ = x(X) 
Q 



where x(X) denotes the Euler characteristic of the set X . 
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We postpone the proof to Section [21 

Now let (X, 0) C (C , 0) be the germ of a complex analytic variety of pure 
dimension n and let w be a (complex and, generally speaking, continuous) 
1-form on a neighbourhood of the origin in C^. In fact there is a one-to-one 
correspondence between complex 1-forms on a complex manifold M n (say, on 
C^) and real 1-forms on it (considered as a real 2n-dimensional manifold). 
Namely, to a complex 1-form uj one associates the real 1-form 7] = Rew; 
the 1-form uj can be restored from r\ by the formula uj(v) = f](v) — irj(iv) 
for v G T x M n . This means that the index of the real 1-form Reu> is an 
invariant of the complex 1-form u itself. However, on a smooth manifold 
indjv/'^irRew does not coincide with the usual index of the singular point 
x of the 1-form uj, but differs from it by the coefficient (— l) n . (E.g., the 
index of the (complex analytic) 1-form uj = X^j=i x j^ x j • • • i x n) being 

the coordinates of C n ) is equal to 1, whence the index of the real 1-form 
Rew = Y^=x u jduj — Yl 1 j=i v jdvj (xj = Uj + ivj) is equal to (— l) n .) This 
explains the following definition. 

Definition: The (complex radial) index ind^- o; of the complex 1-form u> on 
X at the origin is (— l) n times the index of the real 1-form Re a; on X: 

indjx quo = (— l) n indx,o Re a;. 

When it is clear from the context, the upper index C will be omitted. 

Example. Let the variety (X, 0) have an isolated singularity at the origin 
and let e > be small enough so that the 1-form uj has no singular points 
on the intersection of X with the ball B £ of radius e centred at the origin 
in outside of the origin. Let it : (X,D) — > (X, 0) be a resolution of the 
singularity (X, 0) which is an isomorphism outside of the origin. The lifting 
ir*u of the 1-form uj to the space X of the resolution has no zeroes outside of 
the exceptional divisor D. Let Obst^ uj be the obstruction to extend the non- 
zero section it*uj of the cotangent bundle of X from a neighbourhood of the 
preimage 7r _1 (S' e C\X) (S £ = dB £ ) to the whole preimage of B £ C\X. Since the 
obstruction Obst-n-u; (for a fixed resolution ir) satisfies the law of conservation 
of number as well and for the trivial resolution of a smooth manifold Obst,,- u 
coincides with the index indx,ouj, the difference 

Obst,,- uj — indx,o 

does not depend on the 1-form uj. Moreover, the manifold X can be considered 
as a smoothing of the variety X in the sense of (SJ E] • Therefore 

Obst^ - indx.o^ = (-l) n ( X (D) - 1) 

(cf. [HI Proposition 2]; note that the sign (— l) n appears because we consider 
here the complex analytic situation). 
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In the sequel it will convenient to denote x(%) — 1 by x(%) an d to call 
it the reduced (modulo a point) Euler characteristic of the topological space 
Z (though, strictly speaking, this name is only correct for a non-empty space 
Z). 

2 The Milnor fibre of a function and the index of 
its differential 

We shall use the following two statements of stratified Morse theory. The 
first one is very general. We formulate the second one in the simplest form 
necessary for us. The formulations here are made in the global setting. The 
necessary changes for the local case (i.e. inside a ball) are obvious. 

Let X be a compact analytic subset of M. N with a Whitney stratification 
and let / : M. N — > R be a smooth function with isolated critical points on X. 
For a subset A C R, let M A = {x G X \ f(x) G A}. 

Proposition 2 Suppose that the function f has no critical values in the seg- 
ment [a, b] . Then Mr a } is a homotopy retract of Mr u . 

See the proof in |Hj . It is a corollary of Thorn's first isotopy lemma. 

Suppose that there is only one critical point xq of the function / on X with 
the critical value c and that in a neighbourhood of the point xq the function 
/ has the following form. Let Vi be the stratum of X containing xq and let 
k be the dimension of Vi. Then there exists a local analytic diffeomorphism 
h : (R Ar ,R fc ,0) -» (R N ,Vi,x Q ). Let yi,...,y N be the coordinates in R N , 
R fc = {y G R N [ yk+i = ••• = UN = 0}. Suppose that the function h* f 
(= / o h) is equal to the sum . .. ,y k ) + fziVk+l, ■ ■ -,Vn) where the 

function fi : (R fc , 0) — > (R, 0) has a non-degenerate critical point at the origin 
with Morse index m and fi : (R^^O) — > (R, 0) is an analytic germ with a 
strict local minimum at the origin (e.g. /^(z/fc+i, • • ■ , Vn) = ul + i + ■■■+ y%)- 

Proposition 3 For e > small enough, the space Mj c _ e c+e j can be homotopi- 
cally retracted to the subspace M^ c _ £ y with one cell of dimension m attached. 

The proof is very easy. See |Hj for similar, but stronger statements. 

Proof of the Poincare-Hopf theorem. Since the sum ^ indx,Q w does not de- 
pend on the 1-form u, one can take oj = df, where the smooth function / has 
only critical points of the type described before Proposition |21 Then Proposi- 
tions El and El yield the statement. □ 

Let (-X", 0) c (R , 0) be the germ of a real analytic variety of pure dimen- 
sion n and let / : (X, 0) — > (R, 0) be the germ of an analytic function on X. 
The germ / is the restriction to X of the germ of an analytic function on 
(R , 0) (also denoted by /). Suppose that / has an isolated critical point on 
X at the origin, i.e. its differential df has an isolated singular point there. For 
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a small enough positive e, the restriction of the function / to the intersection 
X PiB e defines a map / : X H B £ — > R which is a locally trivial fibration over a 
punctured neighbourhood of zero in R, generally speaking with different fibres 
over the positive and negative parts (see, e.g., ^Hl)- Let Mf and MJ be the 
fibres of this fibration which can be called positive and negative Milnor fibres 
of / respectively. 

Theorem 2 (cf. 7, Example 2.6]) One has 

hxdxfldf = -x(MJ). 

Proof. Let 5 be positive and small enough (0 < 5 <C e) so that Mrg-i = 
f^ 1 (5) n B £ is the negative Milnor fibre of the function / and Mtga = 
/ _1 ([— 5, 5]) H B £ is contractible. One can perturb the function / in a small 
neighbourhood of the origin (in which the absolute value of the function / is 
smaller than 5) so that it will only have singular points of the type described 
before Proposition |3J Now the local versions of Propositions |21 and |3] yield the 
statement. □ 

Let (X, 0) C (C N ,0) be the germ of a complex analytic variety of pure 
dimension n and let / : (X, 0) — » (C, 0) be the germ of a holomorphic function 
with an isolated critical point at the origin. 

Theorem 3 One has 

md Xfi df=(-l) n - 1 x(M f ). 

Proof. By jUJ Proposition 2. A. 3], the Milnor fibre M^ e ^ of the the real part 
Re / of the function / on (X, 0) is homeomorphic to the cartesian product 
Mf x I of the Milnor fibre Mf of the function / and the segment I = [0,1]. 



3 The local Euler obstruction of a 1-form 

In [31, there is introduced the notion of the local Euler obstruction Euj i x(0) 
of a holomorphic function / : (X, 0) — > (C, 0) with an isolated critical point 
on the germ of a complex analytic variety (X, 0). It is defined through an 
appropriately constructed gradient vector field tangent to the variety X. We 
adapt the definition to the case of a 1-form. 

Let {X,0) C (C , 0) be the germ of a complex analytic variety with a 
Whitney stratification X = [jf =0 Vi, Vq = {0}, and let u be a 1-form on a 
neighbourhood of the origin in with an isolated singular point on X at the 
origin. Let e > be small enough such that the 1-form u has no singular points 
on X \ {0} inside the ball B £ . Let v : X — > X be the Nash transformation 
of the variety X defined as follows. Let G(n, N) be the Grassmann manifold 
of n-dimensional vector subspaces of C . For a suitable neighbourhood U of 
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the origin in C , there is a natural map a : X reg n U — > U x G(n,N) which 
sends a point x to (rc,T x X reg ) (X reg is the non-singular part of X). The Nash 
transform X is the closure of the image Imcx of the map a in U x G(n,N). 
The Nash bundle T over X is a vector bundle of rank n which is the pullback 
of the tautological bundle on the Grassmann manifold G(n,N). There is a 
natural lifting of the Nash transformation to a bundle map from the Nash 
bundle T to the restriction of the tangent bundle TC N of to X. This is 
an isomorphism of T and TX ieg C TC N over the regular part X reg of X. The 
1-form u) gives rise to a section tD of the dual Nash bundle T* over the Nash 
transform X without zeroes outside of the preimage of the origin. 
Definition: The local Euler obstruction Eux ,o w °f the 1-form u on X at the 
origin is the obstruction to extend the non-zero section u from the preimage 
of a neighbourhood of the sphere S £ = dB £ to the preimage of its interior, 
more precisely its value (as an element of H 2n (v~ l (X D B £ ), u^ 1 (X n S £ )) ) on 
the fundamental class of the pair {y~ l (X n S e ), n S £ )). 

The word Zoca/ will usually be omitted. 
Remark. The local Euler obstruction can also be defined for a real 1-form on 
the germ of a real analytic variety if the last one is orientable in an appropriate 
sense. 

Example. Let u> = df for the germ / of a holomorphic function on (C , 0). 
Then Eux,o df differs from the Euler obstruction Euj 5 x(0) defined in [1] by 
the sign (— l) n . The reason is that for the germ of a holomorphic function 
with an isolated critical point on (C n ,0) one has Eujj(0) = (— l) ra /ij (see @1 
Remark 3.4]), whence Eux,o df = /// (/// is the Milnor number of the germ /). 
E.g., for f(x\, . . . , x n ) = x\ + . . . + x\ the obstruction Eu^x(0) is the index of 
the vector field ^2™ = i~x~id/dxi (which is equal to (—1)"), but the obstruction 
Eux,o df is the index of the (holomorphic) 1-form Y17=1 x id%i which is equal 
to 1. 

The Euler obstruction of a 1-form satisfies the law of conservation of num- 
ber (just as the radial index). Moreover, on a smooth variety the Euler ob- 
struction and the radial index coincide. This implies the following statement 
(cf. |H Theorem 3.1]). 

Proposition 4 Let (X, 0) C (C , 0) have an isolated singular point at the 
origin and lett : C N -»■ C be a generic linear function. Then 

ind x , w - Euxow = mdx.o^ = (-l)"" 1 ^^), 

where Me is the Milnor fibre of the linear function £ on X . In particular 

Eux.o df = (-l) n ( X (M e ) - x(M f )). 

Proof. One can deform the 1-form w to a 1-form u such that £ = 5(0) is a 
generic linear function on . Since at the singular points of ui on X outside 
of the origin the Euler obstructions and the radial indices coincide, one has 

indx,o w — Eux,o = indx,o ^ — Eux,o 
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It is easy to see that both the Euler obstruction and the index of the 1-form uj 
on X at the origin coincide with those of the differential of the linear function 
I. The Euler obstruction Eux,o^ is equal to zero (see Lemma 1.3]) and 

ind x ,o^ = (-l)"~ 1 x(M^) 

by Theorem |3J This yields the statement. □ 
Now let (X, 0) C (C^, 0) be an arbitrary germ of an analytic variety with a 
Whitney stratification X = Ui=o = {0}. For a stratum Vi, i = 0, . . . , q, 

let N{ be the normal slice in the variety X to the stratum Vi (dimiVj = 
dimX — dimVi) at a point of the stratum Vi and let rii be the index of a 
generic (non- vanishing) 1-form dt on Ni'. 

In particular for an open stratum Vi of X, Ni is a point and rij = 1. The 
strata Vi of X are partially ordered: Vi ~< Vj (we shall write i ~< j) iff Vi C Vj 
and V{ 7^ Vj] i ■< j iff i -< j or i = j. For two strata Vi and Vj with i H j, 
let Nij be the normal slice of the variety Vj to the stratum Vi at a point of it 
(dim Nij = dim Vj — dim Vi, Nu is a point) and let riij be the index of a generic 
(non-vanishing) 1-form di on Nij: riij = (— i) dimAr ij _1 x{Mn N , ), = 1. Let 
us define the Euler obstruction Euy o uj to be equal to 1 for a zero-dimensional 
variety Y (in particular Eu^ u; = 1, Eu/v^.o^ = !)• 

Theorem 4 One has 

<? 

ind x ,o w = ^ n* • Eu^ j0 w. 
«=o 

Proof. There exists a 1-form £5 which coincides with uj in a neighbourhood 
of the sphere 5 e such that in a neighbourhood of each singular point xq, 
xq G V%, dimT^ = k, it looks as follows. There exists a local biholomorphism 
fa : (C , C , 0) — > (C^, V^,a?o) and, in coordinates y\,---,yjsi in with 
C fc = {yfc+i = • • • = 2/AT = 0}, one has h*uj = tx\uj\ + di where ui\ is a 1-form 
on (C fc ,0) with a non-degenerate singular point at the origin (and therefore 
ind C fc o^i = is the projection tt\ : C N — > C k , and t = £(yk+i, ■ ■ ■ ,Vn) 

is a generic linear function on C N ~ k . For i ^ j one obviously has 

Since EuN ijtXo dt = for i -< j Lemma 1.3] and Eujv. iiXo = indjv <<) x ^ = 
1, one has 

^ ind r .. r : ^ r, =Eu^ )0 w, 
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q q q 

indxfl oj = E E ind *>o ^ = E E n J" ind ^.a;o = E n -?" Eu v7,o w - 

3=Oa5 eVj j=Ox eV, j=0 

□ 

To write an "inverse" of the formula of Theorem^ suppose that the variety 
X is irreducible and X = V q . (Otherwise one can permit X to be reducible, 
but also permit the open stratum V q to be not connected and dense; this does 
not change anything in Theorem 0J) Let m,j be the (Mobius) inverse of the 
function n^- on the partially ordered set of strata, i.e. 

E nijrrijk = 5 ik 

i^j^k 

(see, e.g., [HI). For i -< j one has 



ma 



E (-l) r nfc fc 1 nfc 1 fc 2 . . . nk r _ 1 k r 

i=ko~iki~i...^.k r =j 

= (-i) dim *" dim ^ E *( M <k* J"---" x( M *K fc ) 

i=fccH.. .-<k r =j 

Corollary 1 One /ias 

q 

Eu x ,o ^ = E m »<? ' in( %,o w - 

In particular 
Eu Xfi df = (-l) dimX - 1 x 

x(Mf\ x ) + E *(M % ) E ^M,,^^ ) . . . x(M £| ^_ ifcj ; 

j=0 i=ko^(...~<,k r =q 
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